
Rotational kinematics and dynamics (calculus-based physics) 
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Kinematics 

 
 

Angular Tangential If non-slip 

𝜃𝜃 ∶=
ℓTAN
𝑟𝑟

 ∆ℓTAN = 𝑟𝑟∆𝜃𝜃 ∆ℓA.O.R. = ∆ℓTAN 

𝜔𝜔↺ ∶=
d𝜃𝜃
d𝑡𝑡

 𝑣𝑣TAN = 𝑟𝑟𝑟𝑟 𝑣𝑣A.O.R. = 𝑣𝑣TAN 

𝛼𝛼 ∶=
d𝜔𝜔
d𝑡𝑡

 𝑎𝑎TAN = 𝑟𝑟𝑟𝑟 𝑎𝑎A.O.R. = 𝑎𝑎TAN 

 

 

 
Relationships for U𝛼𝛼M 
 

𝜃𝜃𝑖𝑖 + 𝜔𝜔AVG Δ𝑡𝑡 = 𝜃𝜃𝑓𝑓 𝛼𝛼 
𝜔𝜔𝑖𝑖 + 𝛼𝛼AVG Δ𝑡𝑡 = 𝜔𝜔𝑓𝑓  𝜃𝜃 

𝜔𝜔AVG =
𝜔𝜔𝑖𝑖 + 𝜔𝜔𝑓𝑓

2
 𝑡𝑡,𝜃𝜃,𝛼𝛼 

𝜃𝜃𝑖𝑖 + 𝜔𝜔𝑖𝑖Δ𝑡𝑡 +
1
2
𝛼𝛼Δ𝑡𝑡2 = 𝜃𝜃𝑓𝑓  

𝜔𝜔𝑖𝑖
2 + 2𝛼𝛼∆𝜃𝜃 = 𝜔𝜔𝑓𝑓2 𝑡𝑡 

 

Dynamics 
 

Rotational vectors 
 

RHR 
 

Torque 
 

𝛕𝛕�⃑ F ∶= 𝐫⃑𝐫 × 𝐅⃑𝐅 
𝜏𝜏F = ±𝑟𝑟⊥𝐹𝐹 
𝜏𝜏F = ±(𝑟𝑟 sin𝜃𝜃)𝐹𝐹 

 

 
 

Rotational inertia 
 

𝐼𝐼 RIGID SET
OF

PARTICLES

∶=�Δ𝑀𝑀𝑖𝑖𝑟𝑟𝑖𝑖2

𝑖𝑖

 

 

𝐼𝐼 RIGID
CONTINUOUS
MASS DISTR.

∶= �𝑟𝑟2 d𝑀𝑀 

𝐼𝐼 RIGID
CONTINUOUS

∶= �𝑟𝑟2𝜌𝜌 d𝑉𝑉 
 

𝐼𝐼RIGID
PARTS

= 𝐼𝐼1 + 𝐼𝐼2 + 𝐼𝐼3 + ⋯ 
 

𝐼𝐼∥ = 𝐼𝐼C.O.M. + 𝑀𝑀𝑑𝑑2 
 
Newton’s 2nd law  
for rotation 
 

𝛂𝛂��⃑ =
∑𝛕𝛕�⃑  
𝐼𝐼

 
 

Summing torques  
1. Draw spatially-extended free-body 

diagram with the tail of each force vector 
anchored at its point of application. 

2. Draw +𝑥𝑥 and +𝑦𝑦 directions, axis of 
rotation, and positive sense of rotation. 

3. Fill in ∑𝜏𝜏 = 𝐼𝐼𝐼𝐼, determining the sign of 
each 𝜏𝜏 by considering whether each force, 
in isolation, would spin up the object in the 
ccw or cw direction. 

Conservation laws 
 

Angular momentum 
 

𝐋⃑𝐋PARTICLES ∶= �𝐫⃑𝐫𝑖𝑖 × 𝐩𝐩��⃑ 𝑖𝑖
𝑖𝑖

 

𝐿𝐿PARTICLE = ±𝑚𝑚𝑚𝑚𝑟𝑟⊥ 
𝐿𝐿PARTICLE = ±(𝑟𝑟 sin𝜃𝜃)𝑝𝑝 

 

𝐋⃑𝐋RIGID = 𝐼𝐼 ABOUT
FIXED

SKEWER

𝛚𝛚���⃑  

 

𝐋⃑𝐋RIGID = 𝐋⃑𝐋 C.O.M.
ORBITS
ORIGIN

+ 𝐋⃑𝐋 SPIN
ABOUT
C.O.M.

 

 

d𝐋⃑𝐋
d𝑡𝑡

= Σ 𝛕𝛕�⃑  
 

Σ𝐋⃑𝐋𝑖𝑖 + � � � 𝛕𝛕�⃑
EXT→SYS

�  d𝑡𝑡
𝑡𝑡=𝑡𝑡𝑓𝑓

𝑡𝑡=𝑡𝑡𝑖𝑖

= Σ𝐋⃑𝐋𝑓𝑓 

 
Summing angular momenta 
 

1. Illustrate before and after situations. 
2. Draw axis of rotation. 
3. Draw positive sense of rotation. 
4. Determine sign of each object’s 𝐿𝐿 by 

determining whether rotation is ccw or cw. 
 
Energy 

𝐾𝐾PARTICLES ∶= �
1
2
Δ𝑀𝑀𝑖𝑖𝑣𝑣𝑖𝑖2

𝑖𝑖

 
 

𝐾𝐾CONTINUOUS
MASS DISTR.

∶= �
1
2
𝑣𝑣2 d𝑀𝑀 

 
 

𝐾𝐾RIGID =
1
2
𝐼𝐼ABOUT
FIXED
AXIS

 𝜔𝜔2 Δ𝑊𝑊𝜏𝜏 = � 𝜏𝜏 d𝜃𝜃
𝜃𝜃=𝜃𝜃𝑓𝑓

𝜃𝜃=𝜃𝜃𝑖𝑖
 

 

 

𝐾𝐾RIGID =
1
2
𝑀𝑀𝑣𝑣C.O.M.

2 +
1
2
𝐼𝐼ABOUT
C.O.M.

 𝜔𝜔2 


